
S3 Text. Proof for concavity of pl(π)

First, we prove that, for fixed ε, the function h(π) = log
{∑

g=0,1,2 Pε(R|T, g)Pπ(g)
}

is concave.

Under HWE, we write h(π) = log
{
a0(1−π)2 + 2a1π(1−π) +a2π

2
}

, where a0 = εR(1− ε)T−R,

a1 = 0.5T , and a2 = εT−R(1− ε)R. The second derivative of h(π) is

h′′(π) = −
2
{

(a0 − 2a1 + a2)π + (a1 − a0)
}2

+ 2(a21 − a0a2){
a0(1− π)2 + 2a1π(1− π) + a2π2

}2 .

Because a0a2 = {ε(1−ε)}T ≤ 0.25T = a21, we obtain that h′′(π) ≤ 0 and thus h(π) is a concave

function of π.

Because the sum of concave functions are still concave, logLS(π, ε) is concave in π for fixed

ε. Because taking maximum of ε maintains the concavity [1], pl(π) is also concave.
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